MAXIMIZATION OF THE SECOND POSITIVE NEUMANN 
EIGENVALUE FOR PLANAR DOMAINS 
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Abstract. We prove that the second positive Neumann eigenvalue of 
a bounded simply-connected planar domain of a given area does not 
exceed the first positive Neumann eigenvalue on a disk of a twice smaller 
area. This estimate is sharp and attained by a sequence of domains 
degenerating to a union of two identical disks. In particular, this result 
implies the Polya conjecture for the second Neumann eigenvalue. The 
proof is based on a combination of analytic and topological arguments. 
As a by-product of our method we obtain an upper bound on the second 
eigenvalue for conformally round metrics on odd-dimensional spheres. 



1. Introduction and main results 

1.1. Neumann eigenvalues of planar domains. Let fi be a bounded 
planar domain. The domain £1 is said to be regular if the spectrum of the 
Neumann boundary value problem on f2 is discrete. This is true, for instance, 
if Q satisfies the cone condition, that is there are no outward pointing cusps 
(see [NSj for more refined conditions and a detailed discussion). 

Let = hq < /xi(fi) < fJ>2(Q) oo be the Neumann eigenvalues of 

a regular domain Q. According to a classical result of Szego ([Sz], see also 
\SY\ p. 137], I Ion, section 7.1]), for any regular simply-connected domain 





(1.1.1) /ix(n) Area(Sl) < m(B)ir « 3.39vr, 

where B is the unit disk, and /xi(B) is the square of the first zero of the 
derivative J[ (x) of the first Bessel function of the first type. The proof of 
Szego's theorem relies on the Riemann mapping theorem and hence works 
only if 0, is simply-connected. However, inequality (jl.l.lf) holds without this 
assumption, as was later shown by Weinberger |Wej . 

The Polya conjecture for Neumann eigenvalues [Pol] (see also |SY|. p. 
139]) states that for any regular bounded domain Q 

(1.1.2) fi k (Q) Area(fi) < 4/cvr 

for all k > 1. This inequality is true for all domains that tile the plane, e.g., 
for any triangle and any quadrilateral [Po2j . It follows from the two-term 
asymptotics for the eigenvalue counting function ([Ivj, |Me| ) that for any 
domain there exists a number K such that (jl. 1.2ft holds for all k > K. 
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Inequality (jl.l.ip implies that (11 . 1 .2 j) is true for fi\. The best one could 
show for k > 2 was /Ufc < 8irk ( |Kro| ) . In the present paper we consider the 
case k = 2. Our main result is 

Theorem 1.1.3. Let Q be a regular simply-connected planar domain. Then 



with the equality attained in the limit by a family of domains degenerating 
to a disjoint union of two identical disks. 

The second part of the theorem immediately follows from (jl.l.4p . Indeed, 
if is a disjoint union of two identical disks then ([1.1. 4p is an equality. 
Joining the two disks by a passage of width e we can construct a family of 
simply-connected domains such that the left-hand side in ([1.1. 4p tends to 
2/Lti(B)7r as e -> 0. 

Theorem 11.1.31 gives a positive answer to a question of Parnovski [Par], 
motivated by an analogous result proved in [Naj for the second eigenvalue 
on a sphere. Note that ([1.1. 4p immediately implies ([1.1. 2p for k = 2 for any 
regular simply-connected planar domain. 

Remark 1.1.5. It would be interesting to check the bound ([1.1. 4p for non- 
simply connected domains. We believe it remains true in this case as well. 

Remark 1.1.6. All estimates discussed in this section have analogues in the 
Dirichlet case. For example, ([l.l.ip is the Neumann counterpart of the 
celebrated Faber-Krahn inequality ( |Fa [ IKral] . see also |Hen[ section 3.2]), 
which states that among all bounded planar domains of a given area, the 
first Dirichlet eigenvalue is minimal on a disk. Similarly, Theorem 1 1 . 1 . 3 1 can 
be viewed as an analogue of the result due to Krahn and Szego ( |Kra2| . 
[Hen[ Theorem 4.1.1]), who proved that among bounded planar domains of 
a given area, the second Dirichlet eigenvalue is minimized by the union of 
two identical disks. 

1.2. Eigenvalue estimates on spheres. Let (S n ,g) be a sphere of dimen- 
sion n > 2 with a Riemannian metric g. Let 



be the eigenvalues of the Laplacian on (S n ,g). Hersch [Her] adapted the 
approach of Szego to prove that Ai(§ 2 , g) Area(S 2 , g) < 8n for any Rie- 
mannian metric g, with the equality attained on a sphere with the standard 
round metric go- in order to obtain a similar estimate in higher dimen- 
sions, one needs to restrict the Riemannian metrics to a fixed conformal 
class [EI]. Indeed, in dimension > 3, if one only restricts the volume, Ai is 
unbounded [CDj . In particular, it was shown in [EI] (see also [MW]) that 
for any metric g in the class [go] of conformally round metrics, 



(1.1.4) 



/i 2 (fi) Area(ft) < 2 ^ (D) tt « 6.78 vr, 



0<A 1 (§ n , 5 )<A 2 (S", 5 )<---/cx) 



(1.2.1) 



Ai(S n , 5 )Vol(S n , 5 )n <nw 



2/n 



n 
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where 




is the volume of the unit round n-dimensional sphere. This result can be 
viewed as a generalization of Hersch's inequality, since all metrics on § 2 are 
conformally equivalent to the round metric go- 

A similar problem for higher eigenvalues is much more complicated. It 
was proved in [CEj Corollary 1] that 



(1.2.2) A£(S",bo]) := sup X k (S n , g) Vol(S n , g)$ > n (k u n ) 2 ' n , 



The number A£(8 n , [go]) is called the k-th conformal eigenvalue of (§ n , [go])- 
It was shown in [Na] that for k = 2 and n = 2 the inequality in (ll.2.2|) is an 
equality, and the supremum is attained by a sequence of surfaces tending to 
a union of two identical round spheres. We conjecture that the same is true 
in all dimensions: 

Conjecture 1.2.3. The second conformal eigenvalue of(S n ,[go]) equals 



As a by-product of the method developed for the proof of Theorem ll.l.3| 
we prove un upper bound for A^S" - , [go]) when the dimension n is odd (this 
condition is explained in Remark 14.3.81) . Our result is in good agreement 
with Conjecture 11.2.31 

Theorem 1.2.5. Let n £ N be odd and let (§ n ,g) be a n-dimensional sphere 
with a conformally round metric g £ [go] ■ Then 



Remark 1.2.7. Note that the Dirichlet energy is not conformally invariant 
in dimensions n > 3 and therefore to prove Theorem 1 1 . 2 . 5 1 we have to work 
with the modified Rayleigh quotient (cf. [FN] ) . This is in fact the reason 
why we do not get a sharp bound (see Remark I4.4.8H . At the same time, 
the estimate fjl .2.61) is just a little bit weaker than the conjectured bound 
(ll.2.4h : one can check numerically that the ratio of the constants at the 
right-hand sides of (II, 2. 6ft and (|1.2.4p is contained in the interval (1, 1.04) 
for all n. Moreover, the difference between the two constants tends to 
as the dimension n — > oo, and hence (II, 2. 6ft is "asymptotically sharp" as 
follows from (fL23j) . 

Remark 1.2.8. It was conjectured in [Na] that if n = 2 then (ll.2,2j) is an 
equality for all k > 1, with the maximizer given by the union of k identical 
round spheres. One could view it as an analogue of the Polya conjecture 
(jl.1.21) for the sphere. Note that a similar "naive" guess about the maximizer 



9S[go] 




A c 2 (S n ,M) = n(2^ n ) 2 /' 



n 



(1.2.6) 
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of the k-th Neumann eigenvalue of a planar domain is false: a union of k 
equal disks can not maximize fik for all k > 1, because, as one could easily 
check, this would contradict Weyl's law. For the same reason, f)1.2.2|) can 
not be an equality for all k > 1 in dimensions n > 5. 

1.3. Plan of the paper. The paper is organized as follows. In sections 2.1- 
2.5 we develop the "folding and rearrangement" technique based on the ideas 
of [Naj and apply it to planar domains. The topological argument used in the 
proof of Theorem ll.l.3l is presented in section 2.6. In section 2.7 we complete 
the proof of the main theorem using some facts about the subharmonic 
functions. In sections 3.1 and 3.2 we prove the auxiliary lemmas used in 
the proof of Theorem 11.1.31 In section 4.1 we present a somewhat stronger 
version of the classical Hersch's lemma ( [Her] ) . In sections 4.2 and 4.3 we 
adapt the approach developed in sections 2.1-2.7 for the case of the sphere. 
In section 4.4 we use the modified Rayleigh quotient to complete the proof 
of Theorem 11.2.51 

Acknowledgments. We are very grateful to L. Parnovski for a stimulating 
question that has lead us to Theorem 11.1.31 an d to M. Levitin for many 
useful discussions on this project. We would also like to thank B. Colbois 
and L. Polterovich for helpful remarks. 

2. Proof of Theorem II. 1.31 

2.1. Standard eigenfunctions for n\ on the disk. Let 

D = {z £ C | \z\ < 1} 

be the open unit disk. Let J\ be the first Bessel function of the first kind, 
and let ( ~ 1.84 be the smallest positive zero of the derivative J{. Set 

f(r) = Ji(Cr). 

Given R > and s = {R cos a, R sin a) G R 2 , define X s : D -> R by 
(2.1.1) X s (z) = /(kl)^p = Rf(r) cos(9 - a), 

where r = \z\, 9 = argz, and z ■ s denotes the scalar product in R 2 . The 
functions X s are the Neumann eigenfunctions corresponding to the double 
eigenvalue 

m(P) =/i 2 (D) = C 2 ~3.39. 
The functions X ei and X e2 form a basis for this space of eigenfunctions 
(where the vectors {ei, form the standard basis of M 2 ). 

2.2. Renormalization of measure. We say that a conformal transforma- 
tion T of the disk renormalizes a measure du if for each s£K 2 , 

(2.2.1) / X s oTdu = 0. 

Jo 
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Finite signed measures on B can be seen as elements of the dual of the 
space C(B) of continuous functions. As such, the norm of a measure dv is 



(2.2.2) \\dv\\ = sup 

/ec(5),|/|<i 



fdu 



The following result is an analogue of Hersch's lemma (see [Her], [SYJ). 

Lemma 2.2.3. For any finite measure dv on B there exists a point £ £ E 
such that du is renormalized by the automorphism d^ : B — ► B defined by 

A ( \ Z + £ 



£z + l 

Proof. Set M = J n dv and define the continuous map C : B — > B by 

c{0 = mW) L (Xei ' Xe2) {dd * dv = mW) L {Xei ° d(,Xe2 ° d() dv 

Let e id e S 1 = dB. For any 

lim d £ (z) = e ie . 

This means that the map C can be continuously extended to the closure B 
by C = id on <9B. By the same topological argument as in Hersch's lemma 
(and as in the proof of the Brouwer fixed point theorem) , a continuous map 
C : B —> B such that C(£) = £ for £ £ 3B must be onto. Hence, there exists 
some £ £ B such that C(£) = £ B. □ 

Lemma 2.2.4. For any finite measure dv the renormalizing point £ is 
unique. 

Proof. First, let us show that if the measure dv is already renormalized then 
£ = 0. Suppose that D 9 j) / renormalizes dv. Without loss of generality 
assume that rj is real and positive (if not, apply a rotation). Setting s = 1, 
by Lemma 13. 1.11 we get that X s {d rj (z)) > X s (z) for all z £ B and hence 

X s o d rj dv > X s dv = 0, 
Jo 

which contradicts the hypothesis that r\ renormalizes dv. 

Now let dv be an arbitrary finite measure which is renormalized by £ £ B. 
Assume rj £ B also renormalizes diA Let us show that rj = £. Taking into 
account that d_£ o d^ = do = id, we can write 

K)*^ = (4? ° rf-e), (ft/. 
A straightforward computation shows that 
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where a = d^^(rj) and ]_!?| = 1. This implies that da renormalizes 

(d%) dv which is already renormalized. Hence, as we have shown above, 
a = d_£(rj) = 0, and therefore £ = r/. □ 

Given a finite measure, we write T(dv) G D for its unique renormalizing 
point (GD. 

Corollary 2.2.5. The renormalizing point T(dv) G B depends continuously 
on the measure dv. 

Proof. Let (dv n ) be a sequence of measures converging to the measure dv in 
the norm (|2.2.2p . Without loss of generality suppose that dv is renormalized. 
Let £ n G ID C B be the unique element such that d^ n renormalizes dv n . Let 
(£n fe ) be a convergent subsequence, say to £ G B. Now, by definition of £ n 
there holds 

= lim | / X s (dt)*di> nk \ = | / X s (c%)*cb|, 

and hence d^ renormalizes dv. Since we assumed that dv is normalized, by 
uniqueness we get £ = 0. Therefore, is the unique accumulation point of 
the set £ n G B and hence by compactness we get £ n — > 0. This completes 
the proof of the lemma. □ 

Corollary 12.2.51 will be used in the proof of Lemma 12.5.31 see section 13.21 

2.3. Variational characterization of It follows from the Riemann 
mapping theorem and Lemma 12.2.31 that for any simply-connected domain 
Q there exists a conformal equivalence (j) : B — > f2, such that the pullback 
measure 

dfi(z) = 0*(dz) = \<j)'(z)\ 2 dz 

satisfies for any s G S 1 



(2.3.1) / X s (z)dn{z) = 0. 

Jo 

Using a rotation if necessary, we may also assume that 

(2.3.2) j X 2 ei (z)df,(z) > [ X 2 s (z)df,(z). 



for any s G S 1 . The proof of Theorem 11.1.31 is based on the following 
variational characterization of ^{^i)'- 

L |Vd 2 dz 

(2.3.3) #j(fi =inf sup JB ' ' 

e o^ueE M^d/i 

where E varies among all two-dimensional subspaces of the Sobolev space 
H 1 (B) that are orthogonal to constants, that is for each / G E, J n f dfj, = 0. 
Note that the Dirichlet energy is conformally invariant in two dimensions, 
and hence the numerator in (|2.3.3|) can be written using the standard Eu- 
clidean gradient and the Lebesgue measure. 
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2.4. Folding of hyperbolic caps. It is well-known that the group of au- 
tomorphisms of the disk coincides with the isometry group of the Poincare 
disk model of the hyperbolic plane [Beal section 7.4]. Therefore, for any 
^GD, the automorphism 



iz + 1 

is an isometry. Note that we have d§ = id and d^(0) = £ for any £. 

Let 7 be a geodesic in the Poincare disk model, that is a diameter or 
the intersection of the disk with a circle which is orthogonal to dO. Each 
connected component of B \ 7 is called a hyperbolic cap on B. The space of 
hyperbolic caps is parametrized as follows. Given (r,p) € (—1,1) x S 1 let 

&r,p — rfrp(o-o,p); 

where 

a 0,p = {x EH) : x ■ p > 0} 
is the half-disk such that p is the center of its boundary half-circle. The 
limit r — * 1 corresponds to a cap degenerating to a point on the boundary 
<9B (that is, a — * p), while the limit r — » — 1 corresponds to degeneration to 



the full disk B (that is, a 



Given p G B, we define the automorphism 





Rp(z) = —p 2 z. It is the reflection with respect to the line going through 
and orthogonal to the segment joining and p. For each cap a r ^ p , let us 
define a conformal automorphism 



One can check that this is the reflection with respect to the hyperbolic 
geodesic da r ^ p . In particular, r a (a) = B \ a and r a is the identity on da. 

2.5. Folding and rearrangement of measure. Given a measure dfi on 
B and a hyperbolic cap a C B, the folded measure d[i a is defined by 



dfi a 



dfj, + T*d/i on a, 
^0 onB\a. 

Clearly, the measure d(j, a depends continuously in the norm (I2.2,2j) on the 
cap a C B. For each cap a € B let us construct the following conformal 
equivalence ip a : B — > a. First, observe that it follows from the proof of the 
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Riemann mapping theorem |Ta[ p. 342] that there exists a family <p a : a — ► B 
of conformal equivalences depending continuously on the cap a such that 
lim <j) a = id pointwise. Let £(a) = T(dfi a ) be the normalizing point for the 

measure d[i a and set T a = d^ a y The measure (T a )*d/i a is supported in the 
cap b = T a {a). Pushing this measure to the full disk using fa : b — » B leads 
to the measure 

(fa ° T a )*dna- 
Let 77(a) = T((fa o T)*dfj, a ) and set 

T' a := d v{a) : B -» D 

The conformal equivalence ^ a : B — > a is defined by 

V>a = (^ 0(j) b oT a ) 1 . 

The pull-back by V>a of the folded measure is 

(2.5.1) dv a = ip* a dna 

It is clear from the above construction that dv a is a normalized measure on 
the whole disk. We call dv a the rearranged measure. It also follows from 
the construction that the conformal transformations ip a : B — > a depend 
continuously on a and 

(2.5.2) lim ib a = id : D -> B 

in the sense of the pointwise convergence. We will make use of the following 
important property of the rearranged measure. 

Lemma 2.5.3. If a sequence of hyperbolic caps a € B degenerates to a 
point p £ dD, the limiting rearranged measure is a "flip-flop" of the original 
measure d/i: 

(F) lim dv a = R*d/jL. 

We call ([F]) the flip-flop property. The proof of Lemma 12.5.31 will be 
presented at the end of the paper. 

2.6. Maximizing directions. Given a finite measure dv on B, consider 
the function V : R 2 — > R defined by 

V{s)= [ X 2 s dv. 
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This function is a quadratic form since the mapping R 2 x K 2 -» I defined 
by 



(s,t)^ [ X s X t dv 
Jo 



is symmetric and bilinear (the latter easily follows from (|2.1.ip ). In partic- 
ular, V(s) = V(—s) for any s. 

Let M.P 1 = S 1 /Z 2 be the projective line. We denote by [s] £ MP 1 the 
element of the projective line corresponding to the pair of points ±s £ S . 
We say that [s] £ MP 1 is a maximizing direction for the measure dv if 
V(s) > V(t) for any t £ S . The measure dv is called simple if there is 
a unique maximizing direction. Otherwise, the measure dv is said to be 
multiple. We have the following 

Lemma 2.6.1. A measure dv is multiple if and only ifV(s) does not depend 
on s £ S 1 . 

Proof. Since V(s) is a symmetric quadratic form, it can be diagonalized. 
This means that there exists an orthonormal basis (vi,^) of M 2 , such that 
for any s = av\ + f3v2 £ B we have V(s) = Ma 2 + to/? 2 , for some numbers 
< to < M. It is clear now that the measure dv is multiple if and only if 
M = m, and therefore V(s) takes the same value for all s £ S 1 . □ 

Note that by (|2.3,2p . [ei] is a maximizing direction for the measure d\i. 

Proposition 2.6.2. If the measure d[i is simple, then there exists cap aCi 
such that the rearranged measure dv a is multiple. 

The proof of this proposition is based on a topological argument, some- 
what more subtle than the one used in the proof of Lemma 12.2.31 This is 
a proof by contradiction. We assume the measure d\x as well as the mea- 
sures dv a to be simple. Given a cap a C B, let [s(a)] £ MP 1 be the unique 
maximizing direction for dv a . Since dv a depends continuously on a and X s 
depends continuously on s, it follows that the map a \— > [s(a]] is continuous. 
Let us understand the behavior of the maximizing directions as the cap a 
degenerates to the full disk and to a point. 

Lemma 2.6.3. Assume the measures d\i as well as each dv a to be simple. 
Then 

(2.6.4) lim [8(a)] = [e x ] 

(2.6.5) lim Ma)] = [e™]. 

Proof. First, note that formula (|2,6.4p immediately follows from (|2.5.2p and 
(|2.3.2p . Let us prove (|2.6.5p . Set p = e 10 . Lemma 12.5.31 implies 

(2.6.6) lim / X 2 dv a = / X 2 Bldn = / X 2 oR p dfi= / X% s dp. 
a ^pJo Jo Jo Jo p 
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Since [ei] is the unique maximizing direction for B, the right hand side 
of (I2.6.6P is maximal for R p s = ±e±. Applying R p on both sides we get 
s = ±e 2ie and hence [s] = [e 2%e }. □ 

Proof of Proposition \2. 6.SX Suppose that for each cap a C B the measure 
dv a is simple. Recall that the space of caps is identified with (—1,1) x S . 
Define h : (-1,1) xS 1 ^ MP 1 by by h(r,p) = [s(a r>p )]. It follows from 
Lemma I2.6.3P that h extends to a continuous map on [—1,1] X S 1 such that 

h(-l,e i6 ) = [e 1 ],h(l,e i9 ) = [e 2i9 ]. 

This means that h is a homotopy between a trivial loop and a non-contractible 
loop on RP 1 . This is a contradiction. □ 

2.7. Test functions. Assume that d\x is simple. By Proposition 12.6.21 and 
Lemma 12. 6. II there exists a cap aCB such that 

X 2 dv a (z) 

i 

does not depend on the choice of s G S . Let a* = D \ a. 

Definition 2.7.1. Given a function u : a — > M, the of w, n : D — > M is 
given by 

u(z) if z G a, 
u(r a z) if z £ a*. 



Given h : a ^ 1 we have 



u d(i a = I udfi+ I u o r a dfjL = I u dfjL, 

a* 



For every s£R 2 , set 

u s a = Xso^' 1 : R. 
We will use the two-dimensional space 

E = {u s a \s e R 2 } 
of test functions in the variational characterization (|2.3.3|) of ji2- 
Proposition 2.7.2. For each s£l 2 

(2-7.3) J ? " , - <2/MB). 

We split the proof of Proposition 12.7.21 in two parts. 
Lemma 2.7.4. For any hyperbolic cap a C B, 



[ \Vu s a \ 2 dz = (2tt [ f 2 (r)rdr\ /^(B). 



MAXIMIZATON OF THE SECOND POSITIVE NEUMANN EIGENVALUE 



11 



Lemma 2.7.5. 

(2.7.6) / ( U s a ) 2 dfi>7r( f f 2 (r)rdr). 

Jo \Jr=0 J 

Proof of Lemma 2. 7.4\ It follows from the definition of the lift that 
f \Vu s a \ 2 dz= f \Vu s a \ 2 dz + [ \V(u s a o Ta )\ 2 dz. 

Jo Ja Ja* 

By conformal invariance of the Dirichlet energy, the two terms on the right 
hand side are equal, so that 

f \Vu s a \ 2 dz = 2 [ \Vu s a \ 2 dz = 2 [ \V{X s o ^~ 1 )\ 2 dz 

Jo Ja Ja 

= 2 / | VX S | 2 dz < — (by conformal invariance) 

« 

Jo 

It follows from (|2.1.1|) that given two orthogonal directions s,t £ S 1 we have 

f (X 2 + X 2 )dz = f f 2 (\z\)dz. 
Jo Jo 

Therefore, by symmetry we get 

/ X 2 s dz = \ [ f 2 (\z\)dz = ir f 1 f 2 (r)rdr. 

JO z JO Jr=0 

This completes the proof of the lemma. □ 

To prove Lemma 12.7.51 we use the following result. 

Lemma 2.7.8. The rearranged measure dv a on D can be represented as 
dv a = 5(z)dz, where 5 : D — > R is a subharmonic function. 

Proof. Indeed, dv a = ^* a d{i a ^ where the measure d\i a on the cap a is obtained 
as the sum of measures dfi and T*djjL. Both measures d\i and T*d/i corre- 
spond to flat Riemannian metrics on a, because d\x is the pullback of the 
Euclidean measure dz on the domain 17 by the conformal map <f> : B — > Vt 
(see section 12 .3|) . Since the maps ip a and r a are also conformal, one has 
ifradfj, = a{z)dz and ip*(r*dfj,) = (3{z)dz for some subharmonic functions 
a(z), (3{z). Indeed, the metrics corresponding to these measures are flat 
(they are pullbacks by ifj a of flat metrics on a that we mentioned above), 
and the well-known formula for the Gaussian curvature in isothermal coor- 
dinates yields Aloga(,z) = Alog/3(z) = (cf. [BR, p. 663]). Therefore, 
a{z) and (3{z) are subharmonic as exponentials of harmonic functions |Le|, 
p. 45]. Finally, dv a = 5{z)dz, where 5{z) = a(z) + f3(z) is subharmonic as a 
sum of subharmonic functions. This completes the proof of the lemma. □ 
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Proof of Lemma \2. 7.5[ Set 

G(r)= / 5(z)dz = / / 5{pe^) P dpd(j). 

Js(0,r) JO JO 

By Lemma 12,7.81 the function 5 is subharmonic. The function 

f-2n 

W(p) = / 5(pe^)d(l) 



o 



is 2ir times the average of 5 over the circle of radius p, hence it is monotone 
non-decreasing in p ([Le, p. 46]). Therefore, since r < 1, we get as in |SY} 
p. 138] that 

rr 

(2.7.9) G(r) = / W(p)pdp = 

r 2 / W{rp)pdp<r 2 W{p) pdp = r 2 G{\) = vrr 2 . 

Now, because u s a is the lift of u s a = X s o ^> 0) we have 

«) 2 dju= {u s a fdp a = / X 2 div 

Moreover since V a (s) doesn't depend on s £ S 1 , 

V a (s) = [ X 2 dv a = \\ {X 2 ei +X 2 e2 ) dv a 
Jd z Jd 

(2.7.10) = \ I f\\z\) 5{z) dz = \f f 2 {r)G'(r) dr 

* Jd z Jr=o 

Integrating by parts and taking into account that G(r) < irr 2 due to (|2.7.9|) . 
we get 



1 f 2 (r)G'(r)dr = f 2 (l)G(l)- C ±(f( r ))G{r) dr > 

r=0 JO ar 



/ 2 (1)G(1)-^ ^ ±(f 2 ( r ))r 2 dr = 2vr J f 2 (r)r dr 

(2.7.11) 

This completes the proof of Lemma 12.7.51 and Proposition I2.7.2i □ 

Remark 2.7.12. The proof of Lemma 12.7.51 is quite similar to the proof of 
(jl.l.ip . see [EH p. 348] and \SY\ p. 138]. Our approach is somewhat more 
direct since it explicitly uses the subharmonic properties of the measure. 



Proof of Theorem 1 1. l.S\ Assume that dp is simple. Then (jl.l.4j) immedi- 
ately follows from Proposition 12.7.21 and the variational characterization 
(12X31) of p 2 - 
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Suppose now that d[i is multiple. In fact, the proof is simpler in this 
case. Indeed, it follows from Lemma l2.6.1| that any direction [s] S MP 1 is 
maximizing for dji so that we can use the space 

E = {X s \s € R 2 } 

of test functions in the variational characterization (|2.3.3|) of [i2- Inspecting 
the proof of Proposition [2T7.2l we notice that the factor 2 disappears in (|2.7.7j) 
and hence in (|2.7.3p as well. Therefore, in this case we get using (j2.3.3H that 
^2^) < yUi (ID>) - This completes the proof of the theorem. □ 

Remark 2.7.13. When dfi is multiple, we get a stronger estimate 

To illustrate this case, consider O = B. Then indeed ^i 2 (0) = /ii(O). 

3. Proofs of auxiliary lemmas 

3.1. Uniqueness of the renormalizing point. The following lemma is 
used in the proof Lemma 12.2.41 

Lemma 3.1.1. Let r £ (0,1) and s = 1. Then X s {d r (z)) > X s (z) for all 
z £ D. 

Proof. We have X s (z) = f(\z\)cosd\ and X s (d r (z)) = f(\d r (z)\) cos 9 2 , 
where 9\ = aigz and 62 = avg d r (z). We need to show 

(3.1.2) f(\d r (z)\)cose 2 > f(\z\) cos 9 1 

for all z£D. Note that the function / is monotone increasing, positive on 
the interval (0, 1], and /(0) = 0. Set z = a + ib. It is easy to check that for 
\z\ = the inequality in question is satisfied and therefore in the sequel we 
assume that a 2 + b 2 > 0. 

Let us compare \z\ and |<i r (z)|. We note that \z\ = \z\. Since 

\a i \\ l z + r l 

\dr{z) = 1 —r, 

\rz + 1| 

we need to compare \z + r\ and |r|z| 2 + z\. This boils down to comparing 
(a + r) 2 + b 2 and ({r(a 2 + b 2 ) + a) 2 + b 2 , or, equivalently, (a + r) 2 and 
((r(a 2 + b 2 ) + a) 2 . Note that a 2 + b 2 < 1 since z£l. We have three cases: 

(i) a > 0. Then K(z)| > \z\. 

(ii) a < and a + r < 0. Then |d r (,z)| < |z|. 

(iii) a < and a + r > 0. 

Let us now study the arguments 9\ and 6*2- 
We have: 

^ t \ z + r (a + r) + ib (a + r)(ar + 1) + b 2 r + ib{\ — r 2 ) 
rz + 1 (ar + 1) + i6r (ar + l) 2 + b 2 r 2 

Taking into account that ar + 1 > 0, we obtain from this formula that in 
case (iii) cos 62 > 0. On the other hand, cos Q\ < in this case, and therefore 
the inequality (I3.1,2j) is satisfied since / > 0. 
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Consider now case (i). Using the formula above we get that 

6(1 -r 2 ) 

tan #2 — t T7 tt 775— . 

(a + r){ar + 1) + b z r 

If a = then (|3.1.2p is true since cos 9\ = and one may easily check that 
cos #2 > 0. So let us assume that a / 0. Then tan$i = b/a. Note that the 
tangent is a monotone increasing function. If b = then 9\ = 62 = and 
(|3.1.2p is satisfied since |d r (z)| > \z\. lib ^ 0, dividing by b and taking into 
account that a > 0, r > we easily get: 

1 1 - r 2 

- > 



(a + r)(ar + 1) + b 2 r 

Therefore, if b > we get that tan#i > tan #2 implying < 62 < #1 < vr/2, 
and if 6 < we get that tan#i < tan #2 implying that 3tt/2 < 9\ < 62 < 2ir. 
At the same time, in the first case the cosine is monotonely decreasing, and 
in the second case the cosine is monotonely increasing. Therefore, for any 
6 / we get < cos#i < cos #2, which implies (|3.1.2p . 

Finally, consider the case (ii). If (a + r)(ar + 1) + b 2 r > then we 
immediately get f|3. 1 .2j) since in this case cos 82 > and cos 9\ < 0. So let 
us assume (a + r)(ar + 1) + b 2 r < 0. If b = then 9\ = 62 = tt, hence 
cos^i = cos#2 = —1 and (|3.1.2I) is satisfied because |d r (z)| < \z\. If b ^ 0, 
as in case (ii) we compare tan#i and tan #2- We claim that again 

1 1 - r 2 

> 



a (a + r)(ar + 1) + b 2 r 

Since by our hypothesis the denominators in both cases are negative, it is 
equivalent to a — ar 2 < a 2 r + ar 2 + a + r + b 2 r. After obvious transformations 
we see that this reduces to a 2 + 2ar + 1 + b 2 = (a + r) 2 + (1 - r 2 ) + b 2 > 
which is true. 

Therefore, taking into account that tangent is monotone increasing, we get 
that if b > then ir/2 < 9 2 < 9\ < tt, and if b < then tt < #1 < 9 2 < 2>tt/2. 
This implies that in either case cos 9\ < cos 92 < 0. Together with the 
inequality | c/ r (2;) | < \z\ this gives (13.1. 2p in case (ii). This completes the 
proof of the lemma. □ 

3.2. Proof of Lemma l2.5.3l Let Ai be the space of signed finite measures 
on D endowed with the norm (|2.2.2p . Recall that the map r : Ai — > B is 
defined by T(diy) = £ in such a way that : B — > B renormalizes dv. It is 
continuous by Corollary 12.2.51 The key idea of the proof of the "flip-flop" 
lemma is to replace the folded measure dpi a by 

dfi a := (r ffl )*d/i. 

It is clear that 

(3.2.1) 11^-^11-^0 
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in the norm (|2.2.2I) as a degenerates to a point p £ dD. At the same time, 
the next lemma shows that the "flip-flop" property is true for each cap when 
the rearranged measure du a is replaced by (d£ a )*d(i a , where Ca = F(d£i a ). 

Lemma 3.2.2. Let a = a r>p be a hyperbolic cap. Then 

{dC,a)*dfi a = (<^ a )*(r a )*d/i = RpdfJ,. 

Proof. Let us show that C, a = —^r^P- Recall that T a (z) = d rp o Rp o d_ rp . 
A simple explicit computation then leads to 

d( a or a = R p . 

This implies 

/ X s o d Ca djX a = / X s o d Ca o Ta d/i 
Jo Jn 

= / X s o R p dfi = / X RpS d/j, = 
Jn Jn 

which proves the claim. □ 

Let r) a := F((d^ a )^dn a ) be the renormalizing vector for the measure (d^ a )^dn a 

Lemma 3.2.3. As the cap a degenerates to a point p £ dD, r\ a — > 0. 

Proof. Since d^ a is a diffeomorphism, (c^ a )* : M — > A4 is an isometry so 
that 

(d{ a )*d(j, a = {d£ a )*{dn a - dp, a ) + (d£ a )*dfi a 

= (^c )*( rf M o - d Aa) +(d( a ° r a )*d/i -> {R p )*dp,. 

Here we have used (|3.2.ip . Continuity of V leads to 

= T((R p )*dfi) = lim T((dr a )*dfj, a ) = lim rj a . 

a^p a^p 

Note that the first equality follows from (|2.3. lj) and the identity X s o R p = 
Xr pS that we used earlier. □ 



Set 

(3-2.4) q(a) = p^±± £(«) = = f # + 



A direct computation (cf. the proof of Lemma I2.2.4P leads to 
f a (z) := d Va o d Ca = q(a)d^ a) (z). 

It follows from its definition that T a renormalizes djj, a . Hence, T(dfi a ) = £(a) 
and d^( a ) = T a , where the transformation T a was defined in section [231 We 
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have 

T a!l! dfl a = {-T-xd na )*{d Ca )*dii a 
Q\ a ) 

= (^y d r,J*(dCa)* + idHa - dfl a )) . 

Now, it follows from Lemma [3. 2.31 that lim a ^ p q(a) = 1 and lim a _^ p d Va = id, 
because rj a — > 0. Therefore, taking into account (13,2. ip we get 

lim T aif d\x a = lim(dc)*dfi a = Rldfi. 

a—>p a—>p r 

To complete the proof of Lemma 12.5.31 it remains to show that as the cap 
a degenerates to p, \\T aif d^i a — dv a \\ — > 0. By definition du a = i/i^df!, where 
tp a = {T' a o (j) b o T a )~ l (see section [231) . Let us show that b = T a (a) — ► B as 
a —* p. Indeed, 

r a = d c(o) = d Ca o (ci_ Ca o d e(a) ) = R p o r a o (ci_ Ca o £% {a) ). 

Since fy a — > when a — > p, it follows from (|3.2.4[) that the composition 
^-Ca°^C(a) tends to identity. Therefore, the cap T a (a) gets closer to B>\R p (a) 
when a goes to p and thus lim a ^ p T a (a) = B. This implies lim a ^ p <t>T a {a) = id 
and lim a ^pT^ = id, and hence lim a ^ p \ \T aj .d[i a — dv a \ \ = 0. □ 



4. Proof of Theorem 11.2.51 

4.1. Hersch's lemma and uniqueness of the renormalizing map. The 

proof of Theorem 11.2.51 is quite similar to the proof of Theorem 11.1.31 We 
use the following notation 

B n+1 = {x € R" +1 , |x| < 1} 

§ n = dM n+1 . 

The standard round metric on § n is go . Given a conformally round metric 
g G [go] we write cig for its induced measure. Given s e M n+1 , define 
X s : S n -» R by 

X s (x) = (x,s). 

Similarly to (|2.3.ip and (|2.3.2j) . we assume that for each s £ S n : 

(4.1.1) I X s dg = 0. 

(4.1.2) f X 2 ei dg> [ Xldg. 

Given p £ S n , R p : M n+1 — ► M n+1 is the reflection with respect to the 
hyperplane going through and orthogonal to the segment joining and p, 
that is 

Rp(x) = x — 2(p, x)p. 
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Given £ G B n+1 . define c% : B™ +1 -> B" +1 by 

(4L3) = T+W^T+WW • 

Note that d^(0) = £ and o d_£ = id. The map d^ is a conformal (Mobius) 
transformation of E> n \SY\ p. 142]. Indeed, one can check that for £ 7^ 0, 

de = o Rj_ 

\(\ 

where 7^ is the spherical inversion with center tJw and radius Jfi 1 . Note 
that for n = 1, the map ci^ coincides with the one introduced in Lemma [2.2.3l 
where complex notation was used for convenience. 

Similarly to the disk case, the transformation d% is said to renormalize a 
measure dv on the sphere S n if for each s G R n+ , 

(4.1.4) / X 3 od^dv = 0. 

This condition is clearly equivalent to 

/ Xiod^di> = 0, i = 1, 2, . . . , n + 1, 

which means that the center of mass of the measure (d^)^dv on § n is at the 
origin. The following result is a combination of Hersch's lemma [Her| and a 
uniqueness result announced in |Naj . 



Proposition 4.1.5. For any finite measure dv on 8> n , there exists a unique 
point £ G B n+1 smc/i £/ia£ d^ renormalizes dv. Moreover, the dependence of 
the point £ G B n+1 on the measure dv is continuous. 

Proof. The existence of £ is precisely Hersch's lemma (see [Her], |SY|, p. 
144], [El P- 274]). 

Let us prove uniqueness. First, let us show that if dv is a renormalized 
measure then £ = 0. It follows from (I4.1.3j) by a straightforward computation 
that if B n+1 9 £ / then X ( (x) < X^d^x)) for any x G S™. Assume that 

renormalizes dv for some £ 7^ 0. Then 



= / X ( dv < X^od^dv = 0, 
JS" JS n 



and we get a contradiction. 

Now, let dv be an arbitrary finite measure and suppose that it is renor- 
malized by d^ and d^. Writing d v = d v o d_£ o we get 



(4.1.6) / X s o d v o d_£ dcr = 



where the measure (icr = (d^)^da is renormalized. At the same time, it easy 
to check that d^od-^ = Rod c i_^( v ), where R is an orthogonal transformation. 
Indeed, since —d-^{rj) = d^(-rj) we have 

d v o d-j: o d d ^_ v) (0) = d n (-ri) = 0, 
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and it is well known that any Mobius transformation of the unit ball pre- 
serving the origin is orthogonal [Beal Theorem 3.4.1]. Since R preserves the 
center of mass at zero, it follows from (I4.1.6P that e^,^) renormalizes the 
measure da, which is already renormalized. Therefore, as we have shown 
above, = and hence £ = r/. 

Similarly to Corollary [2231 uniqueness of the renormalizing point implies 
that its dependence on the measure is continuous. □ 

4.2. Spherical caps, folding and rearrangement. The set C of all spher- 
ical caps is parametrized as follows: given p £ S n let 

ao, P = {x £ S n : (x,p) > 0} 
be the half-sphere centered at p. Given — 1 < r < 1, let 

To every spherical cap a £ C we associate a folded measure: 

dg + r*dg on a, 
on a*, 

where a* = S n \ a £ C is the cap adjacent to a, and r a is the conformal 
reflection with respect to the boundary circle of o. That is, for a = a TyP 

Let £(a) £ B n+1 be the unique point such that (%( a ) renormalizes d\x a . We 
obtain a rearranged folded measure 

(4.2.1) dv a = (d^)^dfi a . 

4.3. Maximizing directions. Given a finite measure dv on S n , define 



dHa 



V{s) = [ X 2 s dv. 



Let MP n be the projective space and let [s] £ MP n be the point correspond- 
ing to ±s £ S n . We say that [s] £ MP n is a maximizing direction for dv if 
K(s) > V(t) for all i £ S n . We say that the spherical cap is simple if the 
maximizing direction is unique. Otherwise, similarly to Lemma [2.6.1|, there 
exists a two-dimensional subspace W C M n+1 such that any s £ W n S™ is a 
maximizing direction for dv. In particular for each s,t £ W, V(s) = V(t). 
In this case the measure dv is called multiple. 

Proposition 4.3.1. Let g £ [go] be a conformally round metric on a sphere 
S™ of odd dimension. If the measure dg is simple then there exists a spherical 
cap such that the rearranged folded measure dv a is multiple. 

The proof of Proposition 14.3. II is similar to the proof of Proposition 12.6.21 
We assume the measures dg as well as each dv a to be simple. Given a 
cap a C S" let [s(a)] £ MP 1 be the unique maximizing direction for dv a . 
The map a i— ► [s(a)] is continuous. The following spherical version of the 
"flip-flop" property is proved exactly as Lemma 12.5.31 
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Lemma 4.3.2. If a sequence of spherical caps a E C degenerates to a point 
p E E> n , the limiting rearranged measure is a "flip-flop" of the original mea- 
sure dg: 

(4.3.3) lim dv a = R*dg. 

a— >p " 

Similarly to Lemma 12.6.31 we study the maximizing directions for degen- 
erating caps. 

Lemma 4.3.4. Suppose the measures dg as well as each dv a are simple. 
Then 

(4.3.5) lim >(«)] = M 

(4.3.6) limffl(o)] = \R P ei}. 

a— >p 

Proof of Proposition \4.37l\ By convention (|4.1.2p . [ei] is the unique maxi- 
mizing direction for dg. Recall that the space of caps has been identified 
with (-1,1) x S". The continuous map 

h : [-1, l]x§"^ RP n 

is defined by 

[ei] for r = — 1, 

h(r,p) = < [s(a riP )] for — 1 < r < 1, 
[i? p ei] for r = 1. 

That is, h is an homotopy between a constant map and the map 

<j) : S" -> RP n 

defined by cft(p) = [R p e\]. We will show that this is impossible when n is odd 
by computing its degree. The map (p lifts to the map ip : S n — > S n defined 
by 

(4.3.7) V(p) = --Rpei = 2(ei,p)p-ei. 

The two solutions of ip(p) = e\ are e\ and —ex. It is easy to check that since 
the dimension n is odd, both differentials 

D ei ^ : T ei S n - T ei S" 

preserve the orientation. This implies deg(V>) = 2. Moreover, the quotient 
map 7r : E> n — > § n has degree 2 for n odd. It follows that 

deg(0) = deg(7r o ip) 

= deg(7r)deg(^) = 4. 

Since the degree of a map is invariant under homotopy, this is a contradic- 
tion. □ 
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Remark 4.3.8. In even dimensions one of the differentials D± ei preserves the 
orientation and the other reverses it. Therefore, deg((/>) = and the proof of 
Proposition 14.3. II does not work in this case. In dimension two the existence 
of a multiple cap was proved in [Na] using a more sophisticated topological 
argument. 

4.4. Test functions and the modified Rayleigh quotient. Let go be 

the standard round metric on the sphere E> n , so that 

n + l 

(4- 4 - 1 ) " n := [ dg = 

J§n 1 (,-2-J 

Let g G [go] be a confer mally round Riemannian metric of volume one, 
that is Jg„ dg = 1. The Rayleigh quotient of a non-zero function u G i? 1 (S n ) 
is 



R(u) 



kn \V g u\ 2 g dg 



j§„ u 2 dg 

We use the following variational characterization of \2(g)'- 
(4.4.2) \ 2 {g) = inf sup R(u) 

E O^u&E 

where E varies among all two-dimensional subspaces of the Sobolev space 
H l {Ei n ) that are orthogonal to constants, in the sense that for each / G E, 
Jgn. f dg = 0. Following [FN], we use a modified Rayleigh quotient: 

Rf{u) = (k^ 9 u\ n 9 dg) 2/ \ 

J §n u 2 dg 

It follows from Holder inequality that R{u) < R'(u) for each 7^ u G 
i? 1 (S n ). It is easy to check that Jg n \S/ g ii\™dg is conformally invariant for 
each dimension n so that we can rewrite the modified Rayleigh quotient as 
follows: 

_ (f sn \vurd 90 f n 

R (u) ^- 

J§n u dg 

where the gradient and it's norm are with respect to the round metric go- 
Assume that dg is simple and let a C S n be a spherical cap such that dv a is 
multiple. Let W C M n+1 be the corresponding two dimensional subspace of 
maximizing directions. Given a function u : a — > R, the lift of u, u : 8" — > R 
is denned exactly as in Definition 12.7.11 

Proposition 4.4.3. Given s G W C K n+1 , the function u s a = X s o d^ : 
a — > R is such that 

4 * 2 r(re) 1 I . 

r(f)r(n+ ) 
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Proof. The conformal invariance of the numerator in R'(u) implies 
/ r \ 2/n / r \ 2/n 

(4.4.4) (jUVXIp*) ={J\^B<\adg) + 

(/ lv„« o t„)|J rf 9 J = (2 / |v s <i; *) 

^( 2 L w lv ' x ' l; ' d9 ) 2/ " < ( 2 I lv ^' l »" d90 ) 2/ " 

Here the second equality follows from conformal invariance. To obtain the 
inequality at the end we again use the conformal invariance as well as the fact 
that dgr a -\(a) C To estimate the denominator in the modified Rayleigh 
quotient we first note that for any x = (x\, . . . sc n +l) £ § n , 

n+l n+l 

;>>^) 2 = ]>>f = 1. 

3=1 3=1 

Therefore, given that J Sn dg = 1 we obtain: 

n+l „ 

/ {ua 3 ?dg = l 
5=1 hn 

Now, since W is a subspace of maximizing directions for the measure du a 
defined by (|4.2.ip . for each s G W we have 

(4.4.5) / (^) 2 d 5 > ' 



Set 



n + l 



ET„:= / \V go X s \l dg . 



Combining (|4.4.4|) and (|4.4.5|) we get 

(4.4.6) R'(u s a )<(n + l)(2K n f n . 

Proposition 14.4.31 then follows from the lemma below. 

Lemma 4.4.7. The constant K n is given by 

1+1 , , 
2tt— r(n) 

» r(f)r(n + i)' 

Proof. Recall that 50 is the standard round metric on the unit sphere E> n . 
If we consider X s (x) = (x, s) as a function on M n+1 then its gradient is just 
the constant vector s: 

gradjjn+iXj = s. 

This means that for any point p £ S n the gradient of the function X s : S n —* 
E at p is the projection of s on the tangent space T p S n : 

VX s (p) = s- (s,p)p. 
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Therefore, taking into account that |s| = \p\ = 1, we get 

|VX s (p)P = (| S - (s,p)p\ 2 ) n/2 = (1 - (s, P ) 2 ) n/2 , 

and hence 

K n = ! (l-(s,p) 2 r/ 2 dg . 

Js," 

Let 6 be the angle between the vectors p and s. Making a change of variables 
we obtain 

K n = u n - 1 [ {1 - cos 2 9) n / 2 (sin 9) 11 - 1 d9 = uj n ^ [ sin 2 ™" 1 ^, 
Jo Jo 

where u> n _i is the volume of the standard round sphere § n_1 given by (|4.4.ip . 
The calculation of a table integral |GRj 3.621(4)] 

Jo r(n + i) 

completes the proofs of Lemma 14.4.71 and Proposition 14.4.31 □ 

Remark 4.4.8. It follows from Holder inequality that R(u) = R'(u) if and 
only if u is a constant function. Since V go X s ^ const we get a strict in- 
equality R'(iia) > R(u s a ). This is why the estimate (|1.2.6p is not sharp. In 
the context of the first eigenvalue, a similar difficulty was encountered in 
[Ber[ Lemma 4.15]) and overcame in [Elj . To apply the approach of |EI] 
we need to have a spherical cap of multiplicity n + 1; existence of a cap of 
multiplicity two proved in Proposition 14.3.11 is not enough for this purpose. 

Proof of Theorem \1.2.b~[ If the measure dg is simple, then (II. 2. 6ft follows 
from Proposition 14.4.31 and the variational principle (|4.4,2p . If dg is multiple, 
then, as in the proof of Theorem 1 1 . 1 . 3 1 at the end of section \27f\ one can work 
directly with this measure without any folding and rearrangement. Inspect- 
ing the proof of Proposition 14.4.31 we notice that the factor 2 2 / n disappears 
in (]4.4.4p and hence also in (I4.4.6p . Therefore, in this case we get an even 
better bound than (|1.2.6p . This completes the proof of Theorem 11.2.51 □ 
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